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The authors suggest a new powerful tool for solving group classification prob- 



s.^ Abstract 

o , 

, lems, that is applied to obtaining the complete group classification in the class of 

nonlinear Schrodinger equations of the form Z'i/;^ + + F{^, ip*) =0. 

o ■ 
cn 

O 

^ : 1 Introduction 



A nonlinear Schrodinger equation is one of the most interesting and impor- 
g ■ tant models of contemporary mathematical physics. Its completely inte- 
grable version was studied by many mathematicians (in particular, see [1] 
and references therein). This equation is also used in geometric optics [1] 
and nonlinear quantum mechanics [2]. 

The main aim of the present paper is to perform the group classification 
of nonlinear Schrodinger equations of the form 

iiljt + Ailj + F{ilj,ilj*) = (1) 

for a complex function il) = il){t^ x) of n+l real independent variables t = xq 
and X = {xi,X2: ■ ■ ■ ^ ^ 1, with respect to an arbitrary element (a 
smooth function F = F{iIj, i/j*)). Here and below, a subscript of a function 
means its differentiation with respect to the corresponding variable and 
the superscript .of any complex quantity denotes complex conjugation. 
The indices a and b vary from 1 to n. It is assumed that summation is 
carried out over repeated indices. 

The class of equations (1) includes certain known equations as par- 
ticular cases, namely, the free Schrodinger equation [F = 0), integrable 
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Schrodinger equation with cubic nonlinearity {F = (j\ip\'^ip) , Schrodinger 
equation with logarithmic nonUnearity {F = a\n\ip\i/j, which, for cr G M, 
is equivalent to the equation proposed in [5])), etc. 

Until recently, the only method for the solution of problems of group 
classification of partial differential equations has been the direct integra- 
tion of defining equations for the coefficients of the operator of Lie symme- 
try with subsequent cumbersome examination of all possible cases, which 
considerably decreases the class of solvable problems of group classifica- 
tion. Various modifications of the standard algorithm proposed, e.g., in 
[3, 4] enable one to solve some of these problems. In the present paper, we 
use a new approach to the group classification of equations (1) based on 
the investigation of the compatibility of the classifying system of equations 
with respect to an "arbitrary element" . 



2 Kernel of main groups and equivalence group 

Let the infinitesimal operator 

Q = + + Vdi. + V'dr 

generate a one-parameter symmetry group of equation (1). (Here is a 
complex- valued function and are real- valued functions of t, x, ip, 

ip*.) By using the infinitesimal criterion of invariance [6, 7] passing to 
the manifold defined in the extended space by the system of equation (1) 
and its conjugate, and carrying out separation with respect to unbound 
variables, we obtain the following defining equations for the coefficients of 
the operator Q: 

4" + = 0, a ^ 6, 2r]a^ = i^f , 2^ = ^? 

(there is no summation over a here) and 

r]F^ + r]*F^* + (^^ - r]^)F + ir]t + r]aa = 0. (3) 

Integrating equations (2), we obtain the following expressions for the coef- 
ficients of the operator Q: 

7] = r]\t, x)^ + r]%t, x), 7]': = ^^^^(t) + '^Xf{t)xa + C(^), 
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where Kab = —K,ba = const, r] and ( are complex- valued functions and a 
are real- valued functions. 

Equation (3) is a classifying condition that imposes further restrictions 
on the coefficients of the operator Q. depending on the form of the function 
F. If F is not fixed, then, upon the separation of equation (3) with respect 
to the "variables" F, F^, F^*, we get ?7 = 0, = 0, = 0, which, with 
regard for relations (2), yields the following statement: 

Proposition. The kernel of main groups of equations of class (1) is the 
Lie group whose Lie algebra A^^^ is the direct sum of Euclidean algebras 
in the space of the variable t and in the space of the variables x, i.e., 

A'^'' = e(l) e e(n) = {dt) (5„ Jab = Xadj, - x^da). 

The equivalence group of equation (1) coincides with the group generated 
by the collection of one-parameter groups of local symmetries of the system 

iil;t + M + F = {), Ft = 0, Fa = 0, (4) 

the infinitesimal operators of which have the form 

where 6* is a complex-valued function of the variables x, '0, -?/'*, F and F*, 
t) is a complex- valued function of the variables x, and ^ , are 

real- valued functions of the variables x, ip, ip*. Using the infinitesimal 
criterion of invariance for systems (4) and separating them with respect 
to un-bound variables, we obtain defining equations for the coefficients 
of the operator Q. According to these equations, the Lie algebra of the 
equivalence group G^*^^'^ of equation (1) is generated by the operators 

tdt + ^Xada - Fdp - F*dF* , d^-\-d^*, i {d^ - d^*), (5) 

ijd^ + ilj*d^* + Fdp + F*dF*, i{^d^ - ^*d^* + Fdp F*dF*). 

Therefore, the equivalence transformations nontrivially acting on F have 
the form 

i = SH, x = 6x, ip = aip + /3, F = S~'^aF, (6) 

where 6 eR, 6 ^ 0, a, P e C, a ^ 0. 

The restriction of the class of equations (1) can lead to the appearance 
of equivalence transformations different from transformations (6) (see the 
proof). 
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3 Result of classification 



All the possible cases of extension of the maximal Lie invariance algebra of 
equation (1) are exhausted to within the equivalence transformations (6) 
and their conditional extensions by the cases given in Tables 1 and 2. We 
present only basis elements from the complement with respect to A^^^. 
After specifing the function / in each case presented in Table 1, further ex- 
tensions of the invariance algebra are possible, that is shown with Table 2. 
For describing results of classification, it is convenient to use the ampli- 
tude p = \ip\ and phase = | In ^ of the function ip. Let us introduce the 
notations 

/ := ipd^ + ip*d^* = pdp, M := i{i/jd^ - ip*d^*) = d^, 

D :=tdt + ^Xada, Ga ■.= tda + ^XaM, 

TL 1 

n := t^dt + tXada - -tl + -XaXaM. 

Table 1. Cases of extension where the expression for the function F contains an arbitrary 
complex-valued smooth function / of one real variable Q. Here 7, 71, 72, S, Si, S2 are real 
constants and 9 — 9{x) eM is an arbitrary solution of the equation = 820. 





F 




Extension operators 


1.1 






(7? + ^l)D - 71/ - 72M 


1.2 


(/(Q) + (7-zMln|V^|)V; 




e^*(/ + 7M) 


1.3 


+ MV', 5 ^ 


1^1 


e^*M, e^\da + \^XaM) 


1.4 




IV^I 


M, Ga 


1.5 




Re?/' 


D + i{d^ - d^*) 


1.6 


/(^7)+^((5l+^(52)V' 


ReV' 


ie~^^%x){d^ - d^*) 
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Table 2. Cases of extension where the expression for the function F does not contain 
arbitrary functions. Here 7, 71, 72, di, 62, ^4 are real constants, o" G C, o" 7^ (and 
\a\ = 1 mod G'^'^^"); t]^ = rpit.x) gC is an arbitrary sohition of the original equation and 
9 = 9{x) gM is an arbitrary solution of the Laplace equation A9 = 0. For cases 2.9-2.15, 
Sj = ±1 mod G^i"'^ for one value of j G {1; 2; 3; 4} if Sj 7^ 0. 





F 


Extension operators 


2.1 





Ga, I, M, D, n, r/% + r/0*av,. 


2.2 


7-0 + i>* 




2.3 


criReV'r, 7 7^0,1 


7 + (l-7)A 


2.4 


(7 In Reip\ 


I + D - i{tRea + ^XaXa Ima)(9^ - d^*), 
i9{x){d^ - d^*) 


2.5 




D -d^-d^*, i9{x){d^ - d^*) 


2.6 


(jlV^lTie^^^V, 72 7^ 


M-72L>, 72/-71M 


2.7 


(7|V'|>, 7 7^0,1 


Ga, M, I-jD 


2.8 




Ga, M, I-^D, n 


In all cases below F — {—{Si + iS2) In 1-01 + {83 — iS4)ip)i/j, A — {S2 — S^y — ASiS^ 


2.9 


S4 = 0, ^3 7^ 0, ^2 7^ <^3 


e*3*M, e'^*{da+'^5sXaM), e'^\I - j^M) 


2.10 


^4 = 0, 53 ^ 0, 52 = ^3 


e^^^M, e^^^da + lSsXaM), e^^\I - 5itM) 


2.11 


^4 = 0, ^3 = 0, ^2 7^ 


M, Ga, e'^\52l-5iM) 


2.12 


^4 = 0, ^3 = 0, (^2 = 0, (5i 7^ 


M, Ga, I-5itM 


2.13 


^4 7^ 0, A > 


e^^\SJ+{Xi-S2)M),i^l,2, 

Al = |((52 + (53 - VA), A2 = 1(^2 + <^3 + v^) 


2.14 


^4 7^ 0, A < 


e^*((54Cosi/i/+ ((/i — ^2) cosut — i/sini/t)M), 
e'** ((^4 sin utl + {{/J, — 82) sin i/i + i/ cos vt)M) , 
A* = 1(^2 + 53), i/ = |V-A 


2.15 


^4 ^ 0, A = 


e'^*((54t/+K'^3-52)tM + M), 

e'^*((54/+|((53-52)M), ;,= i(52 + 53) 
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4 Result of classification of the subclass F = f{\ip\)il^ 



In the class of equation (1), we separate the subclass of Galilei-invariant 
equations with the nonlinearities F = f{\ip\)ip, i.e., equations of the form 

zV^i + AV^ + /(|V^|)V^ = 0. (7) 

The symmetry properties of these equations were studied in many papers 
(see, e.g., [8, 9, 10, 11]). At the same time, we do not know works containing 
correct and exhaustive results concerning the group classification in the 
class of equations (7). We separate them from the results presented in the 
previous section. 

Theorem. The Lie algebra of the kernel of main groups of equations of 
class (7) is the extended Galilei algebra 

A\^' = ~g{l,n) = {dt, da, Jab, Ga, M). 

The complete collection of inequivalent (with respect to local transfor- 
mations) cases of extension of the maximal Lie invariance algebra of 
equations of the form (7) is exhausted by the following cases (below, 
we present only basis operators from the complement to ^j^p o" G C, 
(J ^ 0, \a\ = ImodG^^^i^; 7,^1,^2 G M; ^2 = ±1 mod G'^^"^^ and 
(5i = ±1 mod G^q^i^ for cases (iii) and (iv), respectively]: 

1. f = (j\tlj\^, where 7 7^0,^: / - 7L'; 

2. f = a\^\'l-: I-^D, U; 

3. / = -{Si + 162) In IV'I, where 62 ^ 0: e^'\62l - 61M); 

4. / = -Si \n\ip\, where Si ^ 0: I - 6itM; 

5. / = 0: /, D, n, T/"a^ + T/"*a^*, 

where rj^ = rf{t^ x) is an arbitrary solution of the original equation. 

5 Proof of the result of classification 

Let A^'"^^ = ^max^^^ ^YiQ maximal Lie invariance algebra of equation (1) 
with F = F('0,'0*). If there is an extension (i.e., A^^^ ^ J^^"^) then there 
exist such operators in A^^'^ that the substitution of their coefficients in 
condition (3) gives a (nonidentical) equation for F. Each equation of this 
type has the form 

(aV' + h)F^ + (a>* + h*)F^* + cF + + e = 0, (8) 
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where a, 6, c, d, e are complex constants. The differential consequences 
of equations of the form (8), which are of the first order (as differential 
equations), also reduce to the form (8). Thus, A^^^ A^^^ iff the function 
F satisfies k {k ^ {1;2;3}) independent equations of the form (8). It is 
convenient to consider the linear case separately. 

It should be noted that application of the standard methods of group 
classification in this problem reduces to the investigation of different cases 
of integration of one equation of the form (8) (depending on the values of 
the constants a, b, c, d, e) with subsequent decomposition into cases of 
further extension of the symmetry group if the function F satisfies certain 
additional conditions. This requires a cumbersome examination procedure 
with multiple repetition of the same cases. The method proposed enables 
one to significantly decrease the number of cases that should be examined. 

Linear case. Let F be a function linear in (-0,^*), i.e., F = aiip + 
(72i/j* + ctq, where ctq, ai, a2 are complex constants. We can always set 
the constant ctq equal to zero by using the transformation i = t, x = x, 
ip = ip + uq + uit + i'2XaXa from the extension G^^^^^] here, the complex 
constants z/q, and V2 are determined by the form of F. Then, depending 
on the value of the constant cf2 (c2 = or (72 7^ 0), by using transformations 
from G^^^^^ and from the conditional extension of G^^^^^ {t = t, x = x, 
ip = ipe^^^* or ijj = '0e~*^™'^^) the function F can be reduced to cases 2.1 
and 2.2 (where 7 = Redi), respectively. 

Below we assume that F is a function nonlinear with respect to [i/j^iIj*) 
and, hence, (a, 6) 7^ (0,0) in (8). 

fc = 1. It follows from (3) that 

T}^ = Aa, T]^ = A6, - 77^ = Ac, if]l + At]^ = Ad, ir]^ + At]^ = Ae, 

where A = X{t, x) eR, Xj^O (otherwise, A^^^ = A^^'). 

For a 7^ 6 = mod G^^^^^, whence rj^ = 0, e = 0, d = —i6a, where 
S eR. In addition, if c + a 7^ then c + a = -|ap mod G^^"^^, = 0, 
= 0, C = const and d = (case 1.1, where 71 = Re a, 72 = Ima). 
If c + a = 0, Re a 7^ 0, then Rea = 1 mod G^"^""^, = 0, Xt = 0, 
Aa = 0, Xt = 6X (case 1.2, where 7 = Ima). If c + a = 0, Rea = 0, 
then Ima 7^ (and, furthermore, Ima = 1 mod G^^^^^), = 0, Xtt ~ ^Xt^ 
X = ^Xt^a + ImC? = (cases 1.3 and 1.4 for (5 7^ and 6 = 

respectively) . 
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If a = 0, then b ^ (and, furthermore, b = i mod G®^^^^), 77^ = 
(whence, d = 0, = 0, = 0), c G M. Then, for c ^ c = 1 mod G^^"^^, 
A = = const, 77° = i^^, e = 0, (case 1.5), and, for c = = 0, 
77^ = ie~^^*6{x), where = S2O, Si = Ree, (^2 = Ime (case 1.6). 

k = 2. Assume that there exists a function F nonhnear with respect to 
that satisfies a system of two independent equations of the form (8), 

i.e., 



{ajip + bj)F^ + {a*ip* + 6*)F^* + CjF + djip + e^- = 0, j = 1, 2, 
where aj, bj, cj, dj, ej (j = 1, 2) are complex constants and 

ai bi al bl 



(9) 



rank 



a2 62 clI b 



= 2. 



Lemma 1. One of the foUowing conditions is satisfied to within trans- 
formations from G^^^^^ and real linear transformations of equations them- 
selves: 

1. ai = 1, a2 = 0, bl = 0, 62 = ^, C2 = 0, idi = 62(01 + 1), d2{ci + 2) = 0, 
(ci,ei)7^(0,0); 

2. ai = 1, a2 = i, 61 = 62 = 0, di{c2 + 02) = c?2(ci + ai), Cie2 = C2ei; 

3. ai = a2 = 0, 61 = 1, 62 = 2, diC2 = (i2Ci, &i<i2 + Cie2 = 62<^i + C2ei. 

Equation (3), regarded as a condition on F, is to depend on equations (9) 
for any fixed operator from A^^^. Therefore, for finding all defining equa- 
tions for ^'^ and 77 additional to (2), it suffices to equate to zero the third- 
order minors of the extended matrix of the system of linear algebraic equa- 
tions (3), (9) with respect to the "unknowns" F^, F, i.e., 

aiip + 61 a^ip* + bl 



ci 

a2ip + 62 CL21P* + 62 C2 
ij^t/j + 77° 77^*'0* + V^* ~ 



= 0, 



aii/j + 61 ali/j* + bl 

a2lp + &2 ^2^* + &2 



(10) 



= 0. 



dii) + ei 

0?2^ + 62 

77V + 77^*'0* + 77^* (i77^^ + A77^)'0 + i77j + Ari^ 

(Equations (10) can be splitted with respect to the variables ip and ip*.) 

We consider each case of Lemma 1 separately and seek only additional 
extensions (as compared with those presented in Table 1) of the invariance 
algebra. 
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1. It follows from (10) that 77^ G M (i.e., = 0, Xt = 0, C e M), 
rf = ip{t, x), where p G M, -pt + iAp + eiC + e2P = 0, iCt + diC + c?2P = 0. 
The additional extension A^^^ exists only if di = d2 = 62 = 0, Ci G M, 
ci + 1 7^ 0. Under these conditions, equation (1) is reduced to case 2.3 
(if Ci 7^ 0), where 7 = — Ci, or case 2.4 (if ci = 0), where cr = — ei, by 
the following transformation from the extension of G®^"^^: t = t, x = x, 
ip = ip + uq + uit + i'2XaXa, where the real constants uq, ui and 1/2 are 
determined by the form of F. 

2. It follows from (10) that rf = 0, cir]^ + C2r]^* = ^t~V^^ dir]^ + d2r]^* = 
irjl + At^-^, eiT]^ + e2r]^* = 0, where 

ci = |(ci-zc2), di = l{di-id2), ei = \{ei - 162) , ^^^^ 
C2 = ^(ci + ic2), d2 = \{di + id2), 62 = ^(61 + 262), 

whence di{c2 + 1) = (i2Ci, 6162 = 6261. System (9) can be represented in 
the form 

i)F^ + ciF + dii) + 61 = 0, + C2i^ + d2i) + 62 = 0. 

(61,62) 7^ (0,0) (otherwise, we have a partial case of case 1.1). 

If ci = -1, C2 = 0, then = 0, ei = 62 = (otherwise, yl"^^^ = A^""'). 
Therefore, 

where 61 = Rec/i, 62 = Imdi, 6^ = — Ked2, 64 = lmd2. Depending on the 
values of the constants Si, / = 1,4, we arrive at cases 2.9-2.15. 

If Ci = — 1, 62 = 0, then the additional extension exists only if 

61 = 62 = 0, ci + 1 = C2 7^ 0. Then, depending on the value of £2, by a 
transformation from the extension G^^^^^, one can reduce equation (1) (1) 
to case 2.6 (if £2 ^ M), where 71 = — 2Ree2, 72 = — 2Imc2, or case 2.7 (if 

62 G M, 62 7^ — 2/n), whhere 7 = — 2c2, or case 2.8 (if C2 = — 2/n). 

3. It follows from (10) that t]^ = (i.e., = 0, = 0, C = 0), 
ciT]^ + 62//°* = <^{', diT]^ + ^2^°* = 0, eiT/° + 627]^* = ^r/J" + At^^, whcrc 
the constants cj, dj, ej [j = 1,2) are defined in (11). We can represent 
system (9) in the form 

F^ + ciF + JiV^ + 61 = 0, F^* + C2F + d2il) + 62 = 0. 

For the existence of an additional extension of A^^'^, the following 
conditions are to be satisfied: di = d2 = 0, = 62 7^ 0. Hence, 
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Ci = C2 = — 1 mod G®^"^^. Then, by the transformation t = t, x = x, 
i/j = i/j + itKeei — -^XaXalmei from the extension of G^^^^"^ equation (1) is 
reduced to case 2.5. 

k = 3. The following statement is true: 

Lemma 2. Suppose that a function F satisfies a system of three indepen- 
dent equations of the form (8) . Then the function F is linear with respect 

to {ip,r)- 

We have completed the classification of the class of equations (1). In ad- 
dition to the known particular cases presented in [9, 11], we have obtained 
a complete collection of inequivalent equations (1) that admit a nontrivial 
symmetry. 

Note that the results concerning the group classification of systems of 
two equations of diffusion (equation (1) belongs to this class if it is regarded 
as a system of two equations for two real functions] were addused in [4]. 
Our results confirm and improve the results presented in [4]. 

Acknowledgments. The authors are grateful to Dr. V. Boyko for useful 
discussions. 
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